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Abstract 

A commutative associative algebra A over C with a derivation 
is one of the simplest examples of a vertex algebra. However, the 
differences between the modules for A as a vertex algebra and the 
modules for A as an associative algebra are not well understood. 

In this paper, I give the classification of finite-dimensional inde- 
composable untwisted or twisted modules for the polynomial ring in 
one variable over C as a vertex algebra. 



1 Introduction 

In PP, Borcherds gave a construction of a vertex algebra from any com- 
mutative associative algebra with a derivation. Let A be a commutative 
associative algebra with identity over C and D a derivation of A, which is an 
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endomorphism of A satisfying D(ab) = (Da)b + a(Db) for all a,b G A. For 
a G A, we define F(a, x) G (End A) [[a;]] by 




for b E A. Then, (A,Y, 1) is a vertex algebra (pQ, [3 Example 3.4.6]). Note 
that (A, Y, 1) is not a vertex operator algebra except the case that A is 
finite dimensional and D = (cf. [5] Remark 3.4.7]). Conversely, a vertex 
algebra V which satisfies Y(u,x) G (EndV)[[a;]] for all u G V comes from a 
commutative associative algebra with a derivation. 

Let us consider A-modules as a vertex algebra. Let M be an A-module 
as an associative algebra. For a G A, we define Y M (a,x) G (EndM)[[x]] by 



for u G M. Then, (M, Ym) is an A-module as a vertex algebra. Con- 
versely, an A-module (M,Y M ) as a vertex algebra which satisfies Y M (a,x) G 
(End M) [fx]] for all a G A comes from an A-module as an associative alge- 
bra. However, as pointed out by Borcherds [lj, there is no guarantee that 
every A-module as a vertex algebra comes from an A-module as an associa- 
tive algebra. That is, there might exists an A-module (W, Yw) as a vertex 
algebra which satisfies Yw(a,x) G" (Endiy)[[x]] for some a G A. As far as 
I know, there is no example of a commutative associative algebra with a 
derivation whose modules as a vertex algebra are well understood. This is 
the motivation of this paper. 

We investigate the modules for the polynomial ring C[t] with a derivation 
D as a vertex algebra. We give a necessary and sufficient condition on D 
that there exist finite dimensional C[t]-modules as a vertex algebra which do 
not come from C[t]-modules as an associative algebra. For such a derivation, 
we give the classification of finite dimensional indecomposable C[t]-modules 
as a vertex algebra which do not come from C[t]-modules as an associative 
algebra. Moreover, we obtain similar results for ^-twisted C[i]-modules for 
any finite automorphism g of C[t]. These classification results say that ev- 
ery finite dimensional indecomposable module for the fixed point subalgebra 
= {a G C[t] | ga = a} is contained in some finite dimensional inde- 
composable untwisted or twisted C[i]-module. This result is interesting since 
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it reminds us of the following conjecture on vertex operator algebras: let V 
be a vertex operator algebra and G a finite automorphism group. It is con- 
jectured that under some conditions on V, every irreducible module for the 
fixed point vertex operator subalgebra V G is contained in some irreducible 
g-twisted ^-module for some g G G (cf.[3]). 




This paper is organized as follows. In Sect. 2 we recall some properties of 
vertex algebras and their modules. In Sect. 3 we give the classification of finite 
dimensional indecomposable untwisted or twisted C[t]-modules as a vertex 
algebra which do not come from C[t]-modules as an associative algebra. 

2 Preliminary 

We assume that the reader is familiar with the basic knowledge on vertex 
algebras as presented in [H [21 E] ■ 

Throughout this paper, ( p is a primitive p-th root of unity for a positive 
integer p and (V, Y, 1) is a vertex algebra. Recall that V is the underlying 
vector space, Y(-,x) is the linear map from V to (End^)[[x, x -1 ]], and 1 is 
the vacuum vector. Let T> be the endomorphism of V defined by T>v = 
for v G V. Let E n denote the n x n identity matrix. 

First, we recall some results in [1] for a vertex algebra constructed from 
a commutative associative algebra with a derivation. 

Proposition 1. [TJ The following hold: 

(1) Let A be a commutative associative algebra with identity element 1 over 
C and D a derivation of A. For a & A, define Y(a,x) G (End A) [[x]] 



for b G A. Then, (A, Y, 1) is a vertex algebra. 

(2) Let (V, Y, 1) be a vertex algebra which satisfies Y(u,x) G (End^)[[a;]] 
for all u G V. Define a multiplication on V by uv = U-\v for u, v G V. 
Then, V is a commutative associative algebra with identity element 1 
and D is a derivation ofV. 




by 




i=0 
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Proposition 2. [1J Let A be a commutative associative algebra with identity 
element 1 over C and D a derivation of A. Let (A, Y, 1) be the vertex algebra 
constructed from A and D in Proposition [H 

(1) Let M be an A-module as an associative algebra. For a £ A, define 



for u £ M. Then, (M, Ym) is an A-module as a vertex algebra. 

(2) Let (M, Ym) be an A-module as a vertex algebra which satisfies Y(a, x) £ 
(End M) [fx]] for all a £ A. Define an action of A on M by au = a_x« 
for a £ A and u £ M. Then, M is an A-module as an associative 
algebra. 

For an automorphism g of V of finite order p, set V r = {u £ V \ gu = 
(p u }, < r < p — 1. We recall the definition of g- twisted ^-modules. 

Definition 1. A g- twisted V- module M is a vector space equipped with a 
linear map 



Y M (-,x):V3v^ Y M (v, x) = ^ UfX - * -1 £ (EndM)[[x 1/p , x" 1/p ]] 



Y M (a,x) £ (EndM)[[x]] by 




i=0 



which satisfies the following conditions: 



(1) Y M (u,x) = J2. 



for u £ V r . 



(2) Y M (u, x)w £ M((x 1 / p )) for u £ V and w £ M. 



(3) y^(l,a;) = id M . 



(4) For tx £ V r , v £ m £ r/T + Z, n £ s/T + Z, and / £ Z, 




CO 



m+re— i 



i=0 
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The following result is well known in the case of V^-modules with a minor 
change of the conditions (cf. [H Proposition 4.8] and see Remark [T] below). 
Using the same argument as in the case of ^-modules, one can show the case 
of twisted ^-modules. 

Proposition 3. Let g be an automorphism ofV of finite order p, M a vector 
space, and Ym{-,x) a linear map from V to (EndM)l[x 1/p ,x- 1/p ]} such that 
for all < r < p — 1 and all u G V r , Ym(u,x) = J2ie-r/ P +z UiX~ l ~ 1 . Then, 
(M, Y M ) is a g-twisted V -module if and only if the following five conditions 
hold: 

(Ml) ForueV and w G M, Y M (u,x)w G M((x 1/p )). 
(M2) Y M (l,x) = id M . 

(M3) For u G V r ,v G V s , m G r/p + Z, and n G s/p + Z, [u m ,v n ] = 

J2i=0 (?) ( U i V )m+n-i- 

(M4) For u G V r , v G V s , m G r/p + Z, and n G s/p + Z, 




(M5) Forue V, Y M (Vu,x) = dY M (u,x)/dx. 

Remark 1. In Proposition [3J (M4) can be replaced by the following simpler 
condition in the case of ^-modules: 

(M4)' For u, v G V and n G Z, (u-iv) n = Y,™o( u -i-i v n+i + ^-l+n-i^)- 

However, we need (M4) in the case of twisted U-modules. 

Remark 2. Let g be an automorphism of V of finite order p > 1 and (M, Ym) 
a g-twisted V^-module. Suppose that there exist 1 < r < p — 1 and u G V r 
such that Y M (u,x) ^ 0. Then, since Y M (u,x) = i" r / p (EndM)[[i, a;" 1 ]], we 
have Y M {D k u,x) = d k Y M {u,x)/dx k G" (End M)[[x 1/Ap ]] for sufficiently large 
integer k. Therefore, there is no g-twisted ^-module (M, Ym) which satisfies 
Y M (®rZlV r ,x) and Y M (u,x) G (EndM)[[x 1 / p ]] for all ueV. 
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3 Finite-dimensional C[£]-modules as a vertex 
algebra 

In this section we classify all finite-dimensional indecomposable untwisted 
or twisted C[t] -modules as a vertex algebra which do not come from C[t\- 
modules as an associative algebra. For a given derivation D of C[t], we write 
(C[t],D) instead of C[t] when we need to express D. It is easy to see that 
any derivation D of C[t] can be expressed as D = f(t)d/dt where f(t) G C[t]. 

Let g be an automorphism of C[t] of finite order p > 1. Then, g(t) = ott+j3 
where a is a primitive p-t\i root of unity and (5 G C. For the automorphism 
h of C[t] defined by h(t) = (a — l)t + /3, we have h~ 1 gh(t) = at. Namely, any 
automorphism of C[t] of finite order conjugates to an automorphism which 
preserves Ct. Throughout this section, for any automorphism g of C[t] of 
order p which preserves Ct, we always take Cft] 1 = {a G C[t] \ ga = £a} 
where £ is the primitive p-th root of unity determined by gt = £t. 

We have the following lemma by applying Proposition [3] in the case of 
finite-dimensional untwisted or twisted C[t]-modules. 

Lemma 4. Let D = f(t)d/dt, f(t) G C[t], be a derivation ofC[t], g an auto- 
morphism ofC[t] of finite order p which preserves Ct, M a finite- dimensional 
vector space, andT(x) = Ylie-i/p+iT^x 1 G (EndM)[[x 1//p ,x~ 1 / p ]]. Then, 
there exists a g-twisted (C[t], D) -module (M,Y M ) as a vertex algebra with 
YM{t, x) = T(x) if and only if the following three conditions hold: 

(i) T(x) G (EndM)((x 1 / p )). 
(ii) For all i,j G -1/p + Z, T {i) T (j) = T {j) T (i) . 
(Hi) dT{x)jdx = f(T(x)). 

In this case, for P(t) G C[t] we have Y M (P(t), x) = P(Y M (t,x)) and hence 
(M,Y M ) is uniquely determined by T(x). In the case p = 1, (M,Y M ) does 
not come from a C[t]-module as an associative algebra if and only ifT(x) G" 
(EndM)[[x]]. In the casep > 2, ifY M (t,x) ^ thenY M {t,x) £ (End M)[[x 1 / p ]] 

Proof. Assume that there exists a g-twisted [C[t], D) -module (M, Ym) as 
a vertex algebra with YM{t,x) = T(x). It follows form Proposition [3] that 
(M, Ym) satisfies (M1)-(M5) in the proposition. Since M is finite-dimensional, 
we have 

Y M (a,x) G (EndM)((a; 1/p )) (3.1) 
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for all a G C[t] by (Ml). Let a G C[t} r and b G C[t} s . Since a k b = for all 
nonnegative integer k in C[t] ,we have 

[di, bj] = ^2 (a k b) i+j ^ k = (3.2) 

for all i,j G Z/p by (M3). Therefore, we get (i) and (ii). It follows from 
( ED , (P , and (M4) that 



(o6) i+i = (a_!fe)i +j = ^ ( ! J (a-i+fc6) 

fc=0 ^ ' 



= ^^( a -l+j-fc^j+fc + ^-l+j-k a i+k) — a -l+i~kbj+k 

k=0 feez 

fori G r/p+Zandj G s/p+Z, or equivalently Fm (a&, x) = Y M (a,x)Y M (b,x). 
This and (Ml) show that for P(t) G C[t], 

Y M (P(t) J x) = P(Y M (t,x)). (3.3) 

By (JSHD and (M5), (iii) holds since 

faYM(t,x) = Y M (Dt,x) = Y M (f(t),x) = f(Y M (t,x)). 

In the case p — 1, it follows from (I3.3P that (M, Ym) does not come from a 
C[t]-module as an associative algebra if and only if T(x) G" (EndM)[[a;]]. In 
the case p > 2, it follows from Remark [2] and (13. 3p that if Ym(^ s) 7^ then 
5V(*,a?) £ (EndM)[[x 1 / p ]] since t G C[t] x . 

Conversely, assume that (i)-(iii) hold for T(x). For P(£) G C[t], set 
F M (P(t),x) = P{T{x)). We show that (M, Ym) satisfies (M1)-(M5) in 
Proposition [3j Note that Y(t k ,x) G x~ fc / p (End M)((x)) for all nonnega- 
tive integer k. Let YmK^) = J] igZ/p a;£~ l_1 and ijw(6,a;) = Yliez/p^' 1 ' 1 
for a,b £ C[t). Then, we have F M (a,a;) G (End M)((x 1/p )) and Y M (ab,x) = 
YM(a,x)YM(b,x) by the definition of Ym- We also have [a^fy] = for all 
i,j G Z/p by (ii). Therefore, (M1)-(M4) hold. By (iii), 

±Y M {t,x) = ±T{z)=f{T{x)) 

= y M (/(t),x) = FA/(Pt,x). 
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Assume that for a,b E C[t], dY M (a,x)/dx = Y M (Da,x) and dY M {b,x) / dx = 
Y M (Db,x) hold. Then, 

Y M (D(ab),x) = Y M ((Da)b + a(Db),x) 

= Y M (Da, x)Y M (b, x) + Y M (a, x)Y M (Db, x) 

d d 
= (-rYM(a,x))YM(b,x) +Y M (a,x)—Y M (b,x) 
dx dx 

= -j^(Y M (a,x)Y M (b,x)). 

Therefore, (M5) holds. We conclude that (M,Y M ) is a g-twisted (C[t],D)- 
module as a vertex algebra. □ 

Remark 3. For any finite automorphism g of C[t], it follows from Lemma 
H]that there always exists a unique g-twisted (C[t\, D)-module (M, Y M ) with 
Y M (t,x) = 0. By (J23D, for P(t) = YZo^ e C W we have Y M {P{t),x) = 
Pq. Therefore, this is a trivial case. 

We introduce some notation. Let R be a commutative ring and let 
Mat ra (.R) denote the set of all n x n matrices with entries in R. Let Eij 
denote the matrix whose entry is 1 and all other entries are 0. Define 
A k (R) = {(xij) G Mat n ( J R) | x tj = if i + k ^ j} for < k < n. Then, for 
a G A k (R) and b G Ai(R), we have ab G A k+ i(R). For X = (xij) G M&t n (R) 
and k = 0, . . . , n — 1, define the matrix X^ k > = Yli=i x i,%+kEi,i+k G A k (R). 
Note that for a upper triangular matrix X we have X = ^22=0 ■ Let J n 
denote the following n x n matrix: 

/0 1 ••• \ 



•J n 





1 

o / 



ForG(x) G xC[[x}} andm G Q, we define (x(l+G(x))) m = x m J2Zo (?) G <» 
For G C((x)), m G Q, and a nilpotent n x n matrix H, we define 

(E n + F{x)H) m = J2Zo (l)( F ( x ) H ) 1 - This sum is finite since H n = and 
hence (E n + F{x)H) m G Mat n (C)((x)). 

The following lemma is used to construct finite-dimensional indecompos- 
able untwisted or twisted C[t]-modules as a vertex algebra. 
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Lemma 5. Let p be a positive integer, m a nonzero rational number, r(x) 
a nonzero element of C((x)), F(x) G C((x)) \ C[[x]] ; and H a nilpotent 
n x n matrix. Set U(x) = Yjie-i/p+iU{i)X l = x~ 1 ^ p r(x)(E n + F(x)H) m G 
Mat n (C)((x 1//p )). Let IA denote the subalgebra of Mat n (C) generated by all 
Ur{\,i G — l/p + Z. Then, H is an element ofU and Uu\ is a polynomial in 
H for every i G — l/p + Z. Moreover, C n is an indecomposable IA -module if 
and only if H conjugates to J n . 



Proof. We may assume that H is not the zero-matrix. Let F(x) = ^2 i=N F^x 1 , Frm 

with N < 0, and r(x) = X1l=o r \i) x \ r (L) °- Set U(x) = Ya=k U(i)X l = 
(E n + F(x)H) m G Mat n (C)((a;)). Then, 



CO 



U(x) = x- 1/p r(x)U(x) = x- 1/p (^r (l) x ,; )(^ U {j) x j ) 

i=L j=K 



> ' ' r dAi)X k - (3-4) 



-l/p 

k=K+L L<i,K<j,i+j=k 



It is easy to see from (13.41) that is in IA for every j G Z, and IA is generated 
by f/(j)'s. Since 



*<*)=E(?) 

i=0 v 7 



F(x) 4 fT (3.5) 



where <i = maxji G Z | (™) 7^ and H l 7^ 0}, every U(j),j G Z, is a 
polynomial in and so is Uu\. Since m is not zero and H is not the zero- 
matrix, d is positive. It follows from (13. 5p that the term with the lowest 
degree of U(x) is (™^)H d x Nd since N is negative. Hence, H d is in IA and 

F(x) i H i = U(x) - (™^F(x) d H d 

is in U((x)). Applying the same argument to Ylt=o ^i)F{x) l H l , we have 
is in U and Y^iZo ( m )F(xyH t is in lA((x)). Continuing in this way we 
get H k G IA for 1 < k < d. In particular, H is an element of IA. 

Since IA is generated by H, C n is an indecomposable W-module if and 
only if H conjugates to J n . □ 
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For a vector space M of dimension n, we identify EndM with Mat n (C) 
by fixing a basis of M. 

Now we state our main theorems. 

Theorem 1. Let D = f(t)d/dt,f(t) G C[t], be a derivation of C[t]. Then, 
there exists a finite- dimensional (C[t], D) -module as a vertex algebra which 
does not come from C[t]-module as an associative algebra if and only if f ^ 
and deg / = 2. Let f(t) = c(t — a)(t — (3) G C[t] where a,j3,c G C and 
c ^ 0. Then, for every positive integer n, any n dimensional indecompos- 
able (C[t], D) -module as a vertex algebra which does not come from a C[t}- 
module as an associative algebra is isomorphic to the following (C[t],D)- 
module (M n , Y Mn ): 

(1) In the case a = f3, M n = C n and 

Y Mn (t,x) = aE n - -x~ 1 (E n -x^Jn)' 1 . 
c 

(2) In the case a ^ [3, M n = C n and 

Y Mn (t,x) = aE n + (a - (3)(-l + exp(-c(a - I3)x))~ 1 
x exp(-c(a - p)x) j x 

n —1 + exp(— c(a — (3)x) n 

Theorem 2. Let g be an automorphism of C[t] of finite order p > 1 which 
preserves Ct, and D = f(t)d/dt,f(t) G C[t], a derivation of'C[t]. Then, there 
exists a finite- dimensional g -twisted (C[i], D)-module (M, Y M ) with Y M (t, x) ^ 
if and only if fit) = c\t + c p+ it p+1 where ci,c p+ i G C and c p+ \ ^ 0. In this 
case, for every positive integer n, any n dimensional indecomposable g-twisted 
(C[t], D) -module (M,Ym) which satisfies Yuit^x) ^ is isomorphic to one 
of the following p g-twisted (C[il, D)-modules (Mn' l \ Y ,,( P ,o), < I < p — 1: 

(1) In the case c 1 = 0, M^' l) = C n and 

Y M M(t,x) = lp C l p x' l/v {E n - x-'Jn)- 1 ^. 

(2) In the case c 1 ^ ; M^ l) = C n and 

x ( En - e M-dPx) Jn) -i/ P _ 
n — 1 + exp(— c\px) n 
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Here ^ v is any fixed primitive p-th root of {—pc p+ i) 1 . 

We make a remark on Theorem [TJ For a derivation D of C[t], Theorem 
[TJ says that the existence of a (C[t], D) -module which satisfies the condi- 
tions in the theorem implies that D = c(t — a)(t — /3)d/dt,c 7^ 0. For 
the automorphism a of C[t] defined by a(t) = c~ x t + a, we have o~(D) = 
(c(a—f3)t+t 2 )d/dt, which is the same form as in Theorem[2j Since (C[i], D) = 
(C[t),a(D)) as vertex algebras, Theorem [TJ corresponds to the case p — 1 in 
Theorem [21 

We shall show Theorem [TJ and Theorem [2] simultaneously To do this, in 
Theorem [TJ for the derivation D = (cit + C2t 2 )d/dt we denote the correspond- 
ing M n by Mn'°^ ■ In the following proof, p is a positive integer and g = idc[t] 
when we consider Theorem [TJ 

Proof. We use Lemma [H In Theorem [TJ for D = c(t — a)(t — (3)d/dt, c ^ 
0, we show that for every n, (M„,Y/v/ n ) satisfies (i)-(iii) in Lemma H] and 
Y Mn (t,x) & (EndM n )[[x]]. Set T(x) = E i& T (i) xi = Y Mn (t,x). In the case 
a = P, since 

T(x) = aE n - -x~\E n - x^JnY 1 
c 

^ n— 1 

otE n — y J-n^ i 
c 

i=0 

the lowest degree of T(x) is —n. In the case a ^ (3, since —1 + exp(— c(a — 
P) x ) = c ( a ~ P)x) l /i\ G xC [[#]], the lowest degree of T(x) is also — n. 

Therefore, (i) holds and T{x) $ (End M n ) [[x]\. Since is a polynomial in 
J n for each i 6 Z, (ii) holds. It is easy to see that (iii) holds. Moreover, it 
follows from Lemma that M n is indecomposable. We conclude that M n is 
a n dimensional indecomposable (C[t], -D) -module as a vertex algebra which 
does not come from a C[t]-module as an associative algebra. In Theorem 
El for D = (c\t + c p+ it p+1 )d/dt,c p+ i ^ 0, the same argument shows that 
(Mn , Y < I < p — 1, are n dimensional indecomposable ^-twisted 
(C[t],D)-modules with Y ( P ,i)(t, x) ^ 0. 

Conversely, assume that there exists a finite-dimensional g-twisted (C[t], D)- 
module (M, Y M ) as a vertex algebra with Y M (t, x) ^ which does not come 
from a C[t]-module as an associative algebra. We may assume that M is 
indecomposable. 
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Assume that D = 0. It follows from (M5) in Proposition[3]that Ym(o, x) = 
a_i G (End M) [fx]] for a G C[t]. In Theorem [T] this implies that M comes 
from a C[t]-module as an associative algebra by Proposition[2]and in Theorem 
[2]this implies YM{t,x) = 0. This is a contradiction and hence 

Let f(x) = iXi 1 ^ G C[t], c m+ i ^ 0. We denote Y M (t,x) by T(x) = 
J2ie-i/ P +z T (i) xi - % (i) in Lemma H T(x) is in (End M)((x 1 / p )). By (ii) in 
Lemma HI we may assume that T(x) is a upper triangular matrix. Let 

T{x)W= E ^Vg A fc ((EndM)((x 1 / p ))) 
ie-l/p+z 

for < k < n — 1. For every j G — 1/p+Z, since T$ is the semisimple part of 
Tq) and M is indecomposable, T^) is a scalar matrix. Let T(x)^ = s(x)E n 
where s(x) = Y2ie-i/ p +z S W X * e ^((^ ))■ By (iii) in LemmaHJ we have 

A T(x) = /(T(x)) 
dx 

m+l 

= ^c i (T(x)W + ..- + T(a;)( n - 1 )) i 

i=0 

n— 1 m+l 

E E '> E r(x)^..-T(x)^. 

fc=o i=o ji+-+ii=*i 

Since c * T(x)W ■ ■ -T(x)W G A,((EndM)((x 1 /f))), we have 

j j m+l 

— S (x)£ n = -f-T(x)^ = V Q(^(x) (0) ) 1 = /(s(x))Sn (3-6) 
ax ax 

i=0 

and 

A m+l 

A T (x) (fc) = E Ci E T ( a; )°' l) • ■■T(x) (n) 

i=0 +j'i=fc 
m+l m+l 

= E ^Qs(x) i - 1 T(x)W + E Ci E T ( S ) (J1) ■ • -r(x)^ 

i=0 i=0 0<ji,...j'i<fc 

JlH \~ji=k 
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for 1 < k < n — 1, or equivalently 

, m+1 
i=l 

m+1 

= H Ci Yl T ( x ) Ul) ■■■T{x)^\ (3.7) 

i=0 0<ji,...,ji<k 
iiH h7i=k 

We show by induction on k that if s(a;) G C[[a; 1 / p ]], then T(x)^- ) G 
(EndM)[[x 1/p ]]. The case k = follows from T(a;) (0) = s(a?)£ n . For k > 0, 
suppose that the lowest degree of T(xp® is negative. Then, the lowest degree 
of the left-hand side of (13.71) is also negative. This is a contradiction since the 
right-hand side of (13. 7p is in (EndM)[[x 1 / p ]] by the induction assumption. 
Therefore, the condition T(x) G" (End M) implies s(x) G" C[[x 1 ' p ]], or 
equivalently the lowest degree L of s(x) is negative. 

By (13.61) . s(x) satisfies 

m+1 

{i + l)s(i +1) x i = 5>( E (3-8) 
L-i<ie-i/p+z j=o L<ie-i/ P +z 

In (13. 8p . the term with the lowest degree of the left-hand side is Ls^x 1 ' 1 and 
the term with the lowest degree of the right-hand side is c m+ is r IJ\ j l x L<jn+1 \ 
Comparing these terms, we have mL = — 1 and L = c m+ is^. Since L G 

— 1/p + Z, we have m = p, L = —1/p, and S(-i/ P ) = 7 P C p) < I < p — 1. 
Therefore, deg/ = 2 if p = 1. Let us consider the case p > 2. The right- 
hand side of (13. 8p is expanded in the following form: 

c P +is p ^ /p x~ l ~ 1,p + c p s p _ l/p x~ l H h cis_i /p x~ 1/p + c Q x° H . 

Since the left-hand side of (13. 8 p is in x _1 / p (End M)((x)) and p > 2, we have 
Cj = for all j l,p + 1 and hence /(£) = Cit + c p+ it p+1 . 

We may assume that f(t) = cit + c p+ it p+1 , c p+ i 7^ by the remark before 
giving the proof. 

First, we shall treat the case c\ = 0. In this case (I3.6P becomes 

±s{x) = c p+l s{xy +l . (3.9) 
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Solving the differential equation (13.91) in C((x 1//p )) under the condition that 
s(x) & C[[xV p ]], we have s(x) = 7 p Cp2;~ 1/p , < I < p - 1. Hence (jOl 
becomes 



36-1/p+Z 

= c p+1 T(x) ( - ? ' l) ---T(x) ( ^+ l) . (3.10) 

o<ii,...,i P +i<fe 
iiH — hi P+ i=fc 

Set H = tPj 1 _ 1 ,s+- ■ ■+T^ 1 _ 1 1 s, which is the nilpotent part of T^i_i/ P y We 
shall prove that T(x)^ is uniquely determined by s(x) and H by induction on 
k. The case k = follows from T(x)^ = s{x)E n . For k > 0, T/j^ . . is given 

and the other T(x)|^ are determined from (13.101) by induction assumption. 
Set 



7pC? p ie-i/p+z 

Using the same argument in the first part of the proof, one can show that 
Th,i(x) satisfies (i)-(iii) in Lemma HI Th,i(x)^ = s(x), and (Th,i) (~i-i/ p ) = 
H. Therefore, T(x) =Th,i(x). It follows from Lemma[5]that p(l P C P )~ l H con- 
jugates to J n since M is indecomposable. We conclude that M is isomorphic 
to M n fe!) . 

Next, we shall treat the case c\ ^ 0. In this case (I3.6P becomes 

4-s(x) = cis(x) + c p+1 s(x) p+1 . (3.11) 
ax 

Solving the differential equation ( 13.111) in C((x 1//p )) under the condition that 
s(x) ^ C^x 1 ^]], we have 



1 -cip 

Define?/ = (— l+exp(— c\px))/{— c\p) E xC[[x]j andT(y) = 7~ 1 £~ i y 1 / p T(— log(l— 



<x)=1p( 1 p {- 
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cipy)/(cip)) G C((y)). Note that f (y) (0) = £7 n . Then, 
^| = exp(-cipx) = 1 - cipy, 

Therefore, by (iii) in Lemma H] we have 

py(l - cipy)^- = f(y) - f{yf + \ (3.12) 

Defines = -ctpy/(l-Cipy) G yC[[j/]] andT(z) = J2jez^(j) zj = f(z/(-c-&(l- 
z))) G (End M) ((«)). Then, 

rf2 = -dp = _ Cip / X _ ^2 

(1 - c x py) 2 1 
, dT(y) —z dz dTiz) dT(z) 



dy Cip(l — z) 2 dy dz 
By (13.121) we have 

d 



pz^-T(z) =T(z)-T(z) p+1 . 
dz 



and hence 

dz 



p(z-^- + 1)T (x) (fc) = - ■ • • T(x)^ +l) . (3.13) 

o<ii,...,j P +i<fc 
iiH — hj P +i=fc 



for 1 < < n — 1 since T(z)^ = E n . Using the same argument as in 
the case c\ = 0, one can show that T(z) is uniquely determined by H — 
T^-j + ■ — hT 1 /"^ 1 , which is the nilpotent part of under the condition 

f (z)(°) = £ n and that 

f(^) = ( J E;„-^- 1 )- 1 /f. 
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Since z = (—1 + exp(— c\px))/ exp(— Cipx) and f(z) = s(x) 1 T(x), we have 

nx)= 1P cL c 1+eM - Clpx) r /p 



x (E n - pH 



-cip 

exp(-cipx) 
1 + exp(— c\px) ' 



-i/p 



It follows from Lemma that pH conjugates to J n since M is indecomposable. 
We conclude that M is isomorphic to Mn' l \ □ 

Remark 4. Let g be an automorphism of C[t] of finite order p which pre- 
serves O and D = (cit + c p+ it p+l )d / dt with c p+ i ^ 0. It is easy to see 
that D is invariant under the action of g and the fixed point subalgebra 
C[t} 9 = {ae C[t) \ga = a} of C[t) is equal to C[t p ). Hence, C[t p ] is invariant 
under the action of D and (C[t p ],D) is a subalgebra of (C[t],D). Moreover, 
(C[t p ],D) = (C[t],D) as associative algebras over C with derivations where 
D = {pc\t + pc p+ it 2 )d/ dt and hence (C[t p ], D) = (C[t], D) as vertex algebras. 
Therefore, we have all finite-dimensional indecomposable (C[t p ], -D)-modules 
as a vertex algebra by Theorem [TJ We discuss a relation between the finite 
dimensional (C[t p ], Z))-modules and finite dimensional untwisted or ^-twisted 
(C[t\, D) -modules as vertex algebras. 
By Theorem [2] and (13. 3p , we have 

Y M M(f,x) = ( % ( l p x- 1 / p (E n -x- 1 J n y 1 / p ) p 
= (-pc p+1 y l x' 1 (E n - X^JnY 1 

if c\ = and 

Y M (p,i) (t p , x) 

_ , ,1, -1 + exp(-cipx) 1/p exp(-cipa:) 

-c lP J l n -l + exp(- Cl px) nJ j 

/ \\-ifj? exp(-cipx) x 

= (1 - exp(-cipx)) [E n — -J n ) 

Cp+i — 1 + exp(— cipx) 

if C\ 7^ 0. Therefore, it follows from Theorem [1] that every finite dimen- 
sional indecomposable (C[t p ], D) -module as a vertex algebra which does not 
come from a C[t p ]-module as an associative algebra is obtained from finite 
dimensional indecomposable g-twisted (C[i], D)-modules. 
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Moreover, it is easy to see that every finite dimensional indecomposable 
(C[t p ], _D)-module as an associative algebra is contained in some finite dimen- 
sional indecomposable [C[t], _D)-module as an associative algebra. Therefore, 
every finite dimensional indecomposable (C[t p ], D) -module as a vertex alge- 
bra is contained in some finite dimensional indecomposable untwisted or 
(/-twisted (C[t], _D)-module as a vertex algebra. 
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